We argue that recently measured downward dispersion of the neutron resonance peak in cuprate superconductors is naturally explained if the resonance is viewed as a spin-1 collective mode in a d-wave superconductor. The reduction of the resonant frequency away from the antiferromagnetic wave vector is a direct consequence of the momentum dependence of the d-wave superconducting gap. When the magnetic correlation length becomes large, the dispersion should become magnonlike, i.e., curve upwards from (,). Perhaps the strongest experimental indication of the interplay between antiferromagnetism and superconductivity in cuprates is the discovery of strong inelastic neutron scattering deep in the superconducting ͑SC͒ phase of materials with the highest T c . The most intense scattering at TӶT c has been detected in YBCO ͑Ref. 4͒ and Bi2212 ͑Ref. 5͒ near the antiferromagnetic ͑AF͒ wave vector qϭQϭ(,) and energy ⍀ Q Ϸ40 meV. Experiments conducted with polarized neutrons 6 indicate that the resonant scattering is due to electron spins.
Superconductivity and antiferromagnetism are two major phases of the high-T c cuprates. When viewed separately, the corresponding ground states appear to be quite conventional: the parent compounds of high-T c cuprates ͓such as La 2 CuO 4 ͑Ref. 1͔͒ are exemplary Heisenberg antiferromagnets, while overdoped cuprates, in many respects, resemble BCS-type dwave superconductors. 2 However, full understanding of the interplay between the two phenomena is sorely lacking. Although most experts agree that antiferromagnetism is the ultimate cause of high-T c superconductivity, the intermediate steps are not yet clear. 3 Perhaps the strongest experimental indication of the interplay between antiferromagnetism and superconductivity in cuprates is the discovery of strong inelastic neutron scattering deep in the superconducting ͑SC͒ phase of materials with the highest T c . The most intense scattering at TӶT c has been detected in YBCO ͑Ref. 4͒ and Bi2212 ͑Ref. 5͒ near the antiferromagnetic ͑AF͒ wave vector qϭQϭ(,) and energy ⍀ Q Ϸ40 meV. Experiments conducted with polarized neutrons 6 indicate that the resonant scattering is due to electron spins.
It is tempting to interpret the resonance as a magnon in a disordered Néel state, which becomes more visible in a superconductor. However, a magnon frequency ⍀ q 2 ϭc 2 ( Ϫ2 ϩ͉qϪQ͉ 2 )ϭ⍀ Q 2 ϩc 2 ͉qϪQ͉ 2 , where c is a spin-wave velocity, increases away from the AF wave vector Qϭ(,). 7 Meanwhile, recent experiments on YBCO ͑Refs. 8 and 9͒ have revealed the opposite trend: the resonance energy decreases away from (,) ͓see Fig. 1͑a͔͒ . In a disordered antiferromagnet, this can only be the case if spin response in the normal state is incommensurate. 10 However, the data suggest 9 that, unlike in 214 materials, 11 the normal-state spin response in YBCO is commensurate.
On second thought, the best superconductors of the cuprate family differ significantly from their parent AF compounds. They have a large, Luttinger-like Fermi surface in the normal state, and fermionic quasiparticles in the SC state, as shown by angle-resolved photoemission spectroscopy ͑ARPES͒.
12 Several authors have demonstrated that in this situation, an attractive exchange force in the d-wave superconducting state binds an electron and a hole into a pair with total spin 1. [13] [14] [15] [16] [17] [18] [19] The bound state is seen as a resonance in spin response. The gross features of the neutron resonance, such as a nonmonotonic variation of ⍀ Q with doping and persistence of the resonance in the pseudogap phase can be understood if the resonance peak is viewed as a collective mode. 14, 15, 17, 18 The frequency of the collective mode is proportional to the static part of the inverse spin susceptibility (
Ϫ2 ϩ͉qϪQ͉
2 ) 1/2 and hence formally resembles that of a magnon in a disordered antiferromagnet. However, the velocity c is not constant but depends rather strongly on the wave vector q. This dependence can be understood by noting that the bound state necessarily resides below the two-particle continuum ͓Fig. 1͑c͔͒. For q along a zone diagonal, the continuum starts at E min (q)ϭ͉⌬(k)͉ϩ͉⌬(kϩq)͉, where both momenta k and kϩq are at the Fermi surface, Fig. 1͑b͒ . As q moves away from (,), k and kϩq shift along the Fermi surface towards the nodal points and the bound state inside the gap is pushed to lower energies. For qϭq 0 connecting the nodal points, the two-particle spectrum is gapless, E min (q 0 )ϭ0, so that the energy of the resonance must vanish ͑along with its strength͒. Obviously then, ⍀ q should decrease away from (,), at least near q 0 .
The above qualitative argument is quite robust and is based on two premises only: ͑i͒ the Fermi surface contains FIG. 1. ͑a͒ A sketch of the resonance dispersion: experimental ͑solid line͒, a massive magnon in the disordered Néel state ͑dashed line͒. ͑b͒ Approximate shape of the Fermi surface in Bi2212. Solid dots are nodal points, where the fermions are gapless. The continuum of two-particle excitations at the corresponding wave vector q 0 ϭ(ϩ␦,ϩ␦) ͑dashed arrow͒ starts at zero frequency. For lattice momentum Qϭ(,) ͑solid arrow͒ the continuum starts at a finite energy. ͑c͒ Spin susceptibility at the wave vector (,).
hot spots ͑i.e., points connected by the AF wave vector Q͒ and ͑ii͒ the superconducting gap has the d x 2 Ϫy 2 symmetry. A more quantitative description of the resonance requires further assumptions. Most calculations of a spin response in a d-wave superconductor start with a model of free fermions on a square lattice, add an exchange interaction and employ the random-phase approximation ͑RPA͒ to compute spin susceptibility. 13, 14, [16] [17] [18] [19] These calculations do yield a downward dispersion of the resonance under favorable circumstances. [16] [17] [18] [19] Unfortunately, such calculations must be done numerically providing somewhat limited insight. Here we present an alternative, analytical approach to the problem. It is based on the observation that the behavior of a collective mode is determined largely by low-energy fermion degrees of freedom and is therefore insensitive to the physics at high energies.
Our point of departure is a macroscopic spin-fermion model that describes low-energy fermionic quasiparticles ͑with a Fermi surface inferred from ARPES͒ interacting with collective spin fluctuations. 20 This model is viewed as a lowenergy version of lattice, Hubbard-type models and is described by the effective action 20 which involves a bare fer-
, a bare spin susceptibility 0 (q,⍀) which is produced by high-energy fermions and is an input for low-energy theory and a spinfermion coupling g. We assume that nothing special happens at high frequencies in which case 0 (q,⍀) has an Ornstein-
Previous studies of the model have focused on renormalization of the fermionic dispersion by spin-fermion interaction, and on the form of the full (Q,⍀). 15 Here we consider the dynamical susceptibility at q Q. To avoid unnecessary complications, we restrict calculations to momenta along the zone diagonal, qϭ(q,q). We also neglect strong coupling effects, assuming for simplicity that superconductivity is described by a d-wave version of the BCS theory. We have verified that strong-coupling effects ͑which modify fermionic propagator at low energies͒ result in quantitative, but not qualitative changes.
The full dynamical susceptibility (q,⍀) differs from 0 (q,⍀) due to a bosonic self-energy ⌸(q,⍀):
The static part of ⌸(q,⍀) ͑the contribution of the lowenergy fermions to the inverse correlation length 1/) is small and, in fact, vanishes for linearized fermion dispersion. On the other hand, the frequency-dependent part ⌸(q,⍀) is substantially nonzero in the normal state. This is related to the fact that, for a Fermi surface with hot spots ͑as in YBCO and Bi2212͒ a low-frequency spin excitation with momentum qϷQ can decay into two fermions at the Fermi surface ͑Fig. 1͒. This gives rise to a universal relaxational term in ⌸(q,⍀):
⌸͑q,⍀ ͒Ϸi Im ⌸͑q,⍀ ͒ϭi͉⍀͉␥ q . ͑2͒
At small frequencies, ⌸(q,⍀)ϰ͉⍀͉ is much larger than the bare O(⍀ 2 ) in the susceptibility. It thus fully determines spin dynamics at low energies. The prefactor ␥ q is obtained by calculating the imaginary part of the particle-hole bubble. At the antiferromagnetic momentum, ␥ Q ϭ2ḡ /(v x v y ), where ḡ ϭg 2 0 is the effective spin-fermion coupling, and vϭ(v x ,v y ) is a Fermi velocity at the hot spot k hs , whose components are defined as ⑀ k ϭv x k x ϩv y k y , ⑀ kϩQ ϭϪv x k x ϩv y k y , where kϭkϪk hs . 15 At qϭq 0 which connects the nodes, v y vanishes and ␥ q formally diverges. We have verified that at this momentum, ⌸(q 0 ,⍀)ϰͱ⍀. In between Q and q 0 , the behavior of ␥ q is somewhat involved: it first drops at the lowest frequencies due to a reduction in the number of the scattering channels from 8 to 2 ͑this is because q i and 2Ϫq i are no longer identical points, and then slowly increases on approaching q 0 . The finite drop in ␥ q is irrelevant for our consideration, and for simplicity we just assume below that for each q, there are two ''hot spots'' k ϭk ks (q) in the Brillouin zone, which account for the bosonic damping at the lowest frequencies.
Equations ͑1͒ and ͑2͒ imply that in the normal state
where xϭ⍀/␥ 2 , and qϭqϪQ. We see that spin response is ͑a͒ incoherent: no sharp peak in Љ(q,⍀) as a function of frequency ⍀ and ͑b͒ commensurate: Љ(q,⍀) is peaked at qϭQ for a fixed ⍀. Both results are in agreement with the data.
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In a d-wave superconducting state, the bosonic selfenergy is modified by the opening of a superconducting gap. Assembling the contributions from normal and anomalous bubbles, we obtain
͑4͒
Here ⌬ q is the fermion gap at one of the two hot spots connected by q, i.e., ⌬ q ϭ⌬"kϭk hs (q)…. By virtue of the d x 2 Ϫy 2 symmetry, ⌬"k hs (q)…ϭϪ⌬"k hs (q)ϩq…, a condition we used in deriving Eq. ͑4͒.
In the presence of a superconducting gap with the d-wave symmetry, Im ⌸(q,⍀) vanishes discontinuously for ⍀ Ͻ2͉⌬ q ͉. 13, 15, [17] [18] [19] By virtue of the Kramers-Kronig relation, this discontinuity generates a nonzero Re ⌸(q,⍀) that is quadratic in ⍀ at low frequencies: ⌸(q,⍀)ϳ␥ q ⍀ 2 /⌬ q . It is also essential that for any q, ⌸(q,0)ϭ0: the opening of the d-wave gap does not change the magnetic correlation length. This result is not entirely surprising: spin-mediated d-wave pairing involves only fermions from opposite sublattices and thus does not affect the correlation of spin within the same sublattice.
Substituting ⌸(q,⍀) into Eq. Ͻ͉⌬ q ͉. Otherwise the use of a quadratic form for ⌸(q,⍀) is not justified. Strictly speaking, near qϭQ, c q Ϫ1 Ͻ⌬ q only at sufficiently strong coupling, when fermion self-energy cannot be neglected. On the other hand, a quadratic frequency dependence of Re ⌸(q,⍀) at low ⍀ is merely a consequence of a vanishing Im ⌸(q,⍀) for ⍀Ͻ2͉⌬ q ͉, where at strong coupling ⌬ q should be understood as the measured gap ͑i.e., a frequency where the spectral function has a ␦-functional peak͒. We have explicitly verified that inclusion of strong coupling corrections into Eq. ͑4͒ only changes the overall factor in the resonance frequency.
Second, to verify that our analytical approach based on a linearized fermion dispersion around k hs (q) captures the essential features of the spin susceptibility, we present in Fig. 2 numerical results for the bare particle-hole susceptibility 0 (q,⍀) and its RPA counterpart (q,⍀)ϭ 0 (q,⍀)/͓1 ϪJ 0 (q,⍀)͔. Both are calculated for a d x 2 Ϫy 2 BCS superconductor with a tight-binding dispersion ⑀ k inferred from ARPES data. 18 We expect that, at low enough ⍀, ⌸(q,⍀) matches 0 (q,⍀), modulo a regular function of q. Similarly, (q,⍀) should agree, at low frequencies, with (q,⍀). We see in Fig. 2 that Im 0 (q,⍀)ϭ0 for ⍀Ͻ2͉⌬ q ͉ and has a finite jump at 2⌬ q , while Re 0 (q,⍀) is quadratic in ⍀ at low frequencies, in agreement with what we obtained for ⌸(q,⍀). The peaks in Re 0 (q,⍀) at 2⌬ q are logarithmic singularities associated with the discontinuity of Im 0 (2⌬ q ). 13, 15, [17] [18] [19] They are softened because we used complex frequencies with a small imaginary part. These singularities are indeed present in ⌸(q,⍀). A strong peak in the RPA susceptibility (q,⍀) is the resonance located at 1 ϭJ Re 0 (q,⍀). This expression corresponds to ⌸(q,⍀) ϭ Ϫ2 ϩ(qϪQ) 2 in our analytical approach. We have also verified that the static susceptibility 0 (q,0) does not change between normal and superconducting states ͑i.e., is not renormalized͒. High frequency features in Fig. 2 are due to the reduction in the number of scattering channels at the lowest frequencies at q Q. For q x ϭq y , this reduction splits the 2⌬ singularity at qϭQ into three singularities one of which is a true low-energy feature ͑which we considered analytically͒, and the other two rapidly move to high energies and become sensitive to the details of the fermion dispersion ⑀ k far from the Fermi surface. We now analyze Eq. ͑6͒. If ⌬ q and ␥ q where independent of momentum, c q would be constant and ⍀ q would be a conventional magnonlike dispersion. In this situation, the spin resonance would remain commensurate and exist only at ⍀Ͼ⍀ Q ϭc Q /. However, in a d-wave superconductor, ⌬ q decreases and ␥ q increases when q deviates from Q. This effect accounts for the downward shift of ⍀ q . Furthermore, as c q vanishes at q→q 0 , the resonance frequency ⍀ q →0 regardless of the spin correlation length . Quite generally, near q 0 , Im(q,⍀) should have a peak at a frequency ⍀ q Ͻ⍀ Q .
This dispersion near qϭQ is more complicated and depends on the values of and q 0 . To obtain a qualitative picture, we exploit the fact that c q vanishes at qϭq 0 and approximate the momentum dependence of c q as c q 2 Ϸ1
Ϫ(q /q 0 ) 2 where q ϭ͉qϪQ͉. Substituting this form into Eq. ͑6͒, we find
We see that when q 0 is small, the dispersion is negative for all momenta. When q 0 is large, it first goes up, and then drops. In both cases, the residue of the peak in Eq. ͑5͒ scales as c q , i.e., it decreases and eventually vanishes as q approaches q 0 .
In Fig. 3 we plot ⍀ q ͑7͒ and the intensity of the peak for q 0 ϭ2. This value is consistent with optimally doped Bi2212 where ͉q 0 ͉Ϸ0.3/a ͑Ref. 21͒, while ϭaϪ2a.
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⍀ q in Eq. ͑7͒ is rather flat near Q and rapidly drops away from Q. The residue of the peak at the downturn is already much smaller than its value at qϷQ. Both features are consistent with the data. 9 For comparison, we also present in Fig. 3 the dispersion and intensity of the collective mode obtained in the RPA calculation, Fig. 2 . It exhibits qualitatively similar behavior which we interpret as evidence that the dispersion of the peak is insensitive to the details of the fermion dispersion at high energies. Note also that our estimate of the wave vector at which the energy and intensity of the neutron peak vanishes, q 0 Ϸ(0.8,0.8), is roughly consistent with the cor-FIG. 2. Left: real and imaginary parts of the numerically evaluated particle-hole bubble in a d-wave superconductor, 0 (q,), at various q ϭ(q,q), using a tight-binding fermion dispersion inferred from ARPES. The low-frequency features of 0 (q,) are in agreement with our analytical results. Right: imaginary part of the corresponding full dynamical susceptibility, Im(⍀,q). Observe that the resonance moves to lower frequencies when q Qϭ(,).
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responding value found in neutron scattering, qϭ(,0.8).
Recall that, to simplify the analysis, we have only considered momenta along the zone diagonal.
Finally, we argue that with underdoping, q 0 increases such that eventually ⍀ q should first increase with q and then drop very near qϭq 0 . This simply implies that at small q , the resonance continuously evolves into the magnon of a disordered antiferromagnet. Still, however, the drop near q 0 should persist in the pseudogap phase and only disappear when the system develops a true long-range antiferromagnetic order. It would be of interest to verify experimentally whether such evolution takes place.
To summarize, we have demonstrated that the experimentally observed downturn of the resonant frequency 9 away from (,), accompanied by a rapid decrease of the peak intensity, occurs rather naturally when the resonance peak is interpreted as a collective spin excitation in a d-wave superconductor. The unusual dispersion of the peak is related to a variation of the superconducting gap along the Fermi surface. We have argued that the resonant frequency vanishes at a certain qϭq 0 that connects nodal points of the Fermi surface. Close to the commensurate wave vector Qϭ(,), the dispersion depends on the spin correlation length: If the latter is small, ͉q 0 ϪQ͉Ӷ1, the resonance frequency ⍀ q decreases with ͉qϪQ͉. Conversely, when ͉q 0 ϪQ͉ӷ1, ⍀ q increases away from Q, reminiscent of a magnon dispersion in a disordered antiferromagnet.
As we already said, the negative dispersion of the resonance peak has been earlier detected numerically in RPA studies for Hubbard and tϪJ models. [16] [17] [18] [19] References 18 and 19 interpreted this dispersion as a consequence of the d-wave symmetry of the gap. Our analytical results are complementary to Refs. 18 and 19. In Ref. 17 , however, the negative dispersion was argued to be the consequence of a closeness to a Van-Hove singularity ͑similar scenario was also considered in Ref. 23͒ . We believe that the observed rapid drop of intensity away from (,) and the fact that the measured resonance frequency disappears at a momentum close to the one which connects nodal points at the Fermi surface argue in favor of a ''d-wave'' explanation.
